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A NOTE ON A WEAKLY COUPLED SYSTEM OF SEMI-LINEAR
VISCO-ELASTIC DAMPED σ-EVOLUTION MODELS WITH DIFFERENT
POWER NONLINEARITIES AND DIFFERENT σ VALUES
TUAN ANH DAO
Abstract. In this article, we prove the global (in time) existence of small data solutions from
energy spaces basing on Lq spaces, with q P p1,8q, to the Cauchy problems for a weakly coupled
system of semi-linear visco-elastic damped σ-evolution models. Here we consider different power
nonlinearities and different σ values in the comparison between two single equations. To do this,
we use pLmXLqq´Lq and Lq ´Lq estimates, i.e., by mixing additional Lm regularity for the data
on the basis of Lq ´Lq estimates for solutions, with m P r1, qq, to the corresponding linear Cauchy
problems. In addition, allowing loss of decay and the flexible choice of parameters σ, m and q bring
some benefits to relax the restrictions to the admissible exponents p.
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1. Introduction and main results
Main goal of this paper is to consider the following Cauchy problems for the weakly coupled
system of semi-linear visco-elastic damped σ-evolution equations:#
utt ` p´∆q
σ1u` p´∆qσ1ut “ |v|
p1 , vtt ` p´∆q
σ2v ` p´∆qσ2vt “ |u|
p2 ,
up0, xq “ u0pxq, utp0, xq “ u1pxq, vp0, xq “ v0pxq, vtp0, xq “ v1pxq,
(1)
with the different values of parameters σ1, σ2 ě 1 and the different power nonlinearities p1, p2 ą 1.
Here the corresponding linear models with vanishing right-hand side are in the following form:
wtt ` p´∆q
σw ` p´∆qσwt “ 0, wp0, xq “ w0pxq, wtp0, xq “ w1pxq, (2)
with σ “ σ1 or σ “ σ2. The visco-elastic damping, or so-called strong damping (see, for example,
[9, 10, 13]), were studied in several recent papers. In particular, one of the most well-known models
related to (2) is those in the case σ “ 1 (see more [8, 12]). Some of semi-linear visco-elastic damped
wave models with power nonlinearity |u|p were investigated more detail in [2] and [11]. Moreover,
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the authors in [6] mentioned other interesting models to (2) with the case σ “ 2 as the visco-
elastic damped plate models. Here some decay estimates of the energy and qualitative properties
of solutions as well were considered. In our previous work (see [5]) we obtained pLm X Lqq ´ Lq
and Lq ´ Lq estimates, with q P p1,8q and m P r1, qq, for the solutions to (2) with any σ ě 1. To
do this, there appreared two main strategies such as applying theory of modified Bessel functions
combined with Faa` di Bruno’s formula and the Mikhlin-Ho¨rmander multiplier theorem to Fourier
multipliers, respectively, for small frequencies and large frequencies. For this reason, the main
motivation is to use these estimates in the proof of the global (in time) existence of small data
energy solutions to (1). Allowing loss of decay (see, for instance, [3, 4]) and using the fractional
Gagliardo-Nirenberg inequality (see [7]) come into play in the treatment of corresponding semi-
linear models. Furthermore, we want to underline that how the interaction between the different
values of σ1, σ2 ě 1 and the flexibility of parameters q P p1,8q, m P r1, qq affects our global (in
time) existence results.
Notations
We use the following notations throughout this paper.
‚ We write f À g when there exists a constant C ą 0 such that f ď Cg, and f « g when g À f À g.
‚ We denote fˆpt, ξq :“ FxÑξ
`
fpt, xq
˘
as the Fourier transform with respect to the space variable
of a function fpt, xq. The spaces Ha,q and 9Ha,q, with a ě 0 and q P p1,8q, stand for Bessel and
Riesz potential spaces based on Lq. Here
〈
D
〉a
and |D|a denote the pseudo-differential operators
with symbols
〈
ξ
〉a
and |ξ|a, respectively.
‚ We fix the following constants with q P p1,8q, m P r1, qq and n ě 1:
α :“
´ 1
m
´
1
q
¯´
2`
”n
2
ı
` n
´ 1
σ2
´
1
σ1
¯¯
,
β :“
´ 1
m
´
1
q
¯´
2`
”n
2
ı
` n
´ 1
σ1
´
1
σ2
¯¯
,
γ :“
´
1`
1
q
´
1
m
¯´
2`
”n
2
ı¯
.
Then, we denote κ1 :“
1
2
p1` γ ` αq and κ2 :“
1
2
p1` γ ` βq.
‚ Finally, we introduce the spaces Ajm,q :“
`
Lm XH2σj ,q
˘
ˆ
`
Lm X Lq
˘
with the norm
}pu0, u1q}Ajm,q :“ }u0}L
m ` }u0}H2σj ,q ` }u1}Lm ` }u1}Lq ,
where q P p1,8q, m P r1, qq and j “ 1, 2.
Main results
Let us state the main results which will be proved in the present paper.
Theorem 1.1 (Loss of decay). Let q P p1,8q be a fixed constant and m P r1, qq. Let assume
σ1 ě σ2 and n ą σ1. We assume the conditions
q
m
ď p1, p2 ă 8 if n ď 2qσ2, (3)
q
m
ď p1 ď
n
n´ 2qσ2
,
q
m
ď p2 ă 8 if 2qσ2 ă n ď 2qσ1, (4)
q
m
ď p1 ď
n
n´ 2qσ2
,
q
m
ď p2 ď
n
n´ 2qσ1
if 2qσ1 ă n ď
2q2σ2
q ´m
. (5)
Moreover, we suppose the following conditions:
m
´1` p2 ` p2p1` p1qκ1
p2´1
σ1
` p2
p1´1
σ2
¯
ă
n
2
, and p1 ď 1`
2mσ2p1` κ1q
n´ 2mσ2κ1
ă p2. (6)
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Then, there exists a constant ε ą 0 such that for any small data`
pu0, u1q, pv0, v1q
˘
P A1m,q ˆA
2
m,q satisfying the assumption }pu0, u1q}A1m,q ` }pv0, v1q}A2m,q ď ε,
we have a uniquely determined global (in time) small data energy solution
pu, vq P
´
Cpr0,8q,H2σ1 ,qq X C1pr0,8q, Lq
¯
ˆ
´
Cpr0,8q,H2σ2 ,qq X C1pr0,8q, Lq
¯
to (1). The following estimates hold:
}upt, ¨q}Lq À p1` tq
´ n
2σ1
p1´ 1
r
q`εpp1,σ2q`
κ1
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (7)››`|D|σ1upt, ¨q, utpt, ¨q˘››Lq À p1` tq´ n2σ1 p1´ 1r q´ 12`εpp1,σ2q`κ12 `}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q˘, (8)››|D|2σ1upt, ¨q››
Lq
À p1` tq
´ n
2σ1
p1´ 1
r
q´1`εpp1,σ2q`
κ1
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (9)
}vpt, ¨q}Lq À p1` tq
´ n
2σ2
p1´ 1
r
q`
κ1
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (10)››`|D|σ2vpt, ¨q, vtpt, ¨q˘››Lq À p1` tq´ n2σ2 p1´ 1r q´ 12`κ12 `}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q˘, (11)››|D|2σ2vpt, ¨q››
Lq
À p1` tq
´ n
2σ2
p1´ 1
r
q´1`
κ1
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (12)
where εpp1, σ2q :“ 1´
n
2mσ2
pp1 ´ 1q ` p1κ1.
Theorem 1.2 (Loss of decay). Let q P p1,8q be a fixed constant and m P r1, qq. Let assume
σ2 ě σ1 and n ą σ2. We assume the conditions
q
m
ď p1, p2 ă 8 if n ď 2qσ1, (13)
q
m
ď p1 ă 8,
q
m
ď p2 ď
n
n´ 2qσ1
if 2qσ1 ă n ď 2qσ2, (14)
q
m
ď p1 ď
n
n´ 2qσ2
,
q
m
ď p2 ď
n
n´ 2qσ1
if 2qσ2 ă n ď
2q2σ1
q ´m
. (15)
Moreover, we suppose the following conditions:
m
´1` p1 ` p1p1` p2qκ2
p1´1
σ2
` p1
p2´1
σ1
¯
ă
n
2
, and p2 ď 1`
2mσ1p1` κ2q
n´ 2mσ1κ2
ă p1. (16)
Then, there exists a constant ε ą 0 such that for any small data`
pu0, u1q, pv0, v1q
˘
P A1m,q ˆA
2
m,q satisfying the assumption }pu0, u1q}A1m,q ` }pv0, v1q}A2m,q ď ε,
we have a uniquely determined global (in time) small data energy solution
pu, vq P
´
Cpr0,8q,H2σ1 ,qq X C1pr0,8q, Lq
¯
ˆ
´
Cpr0,8q,H2σ2 ,qq X C1pr0,8q, Lq
¯
to (1). The following estimates hold:
}upt, ¨q}Lq À p1` tq
´ n
2σ1
p1´ 1
r
q`
κ2
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (17)››`|D|σ1upt, ¨q, utpt, ¨q˘››Lq À p1` tq´ n2σ1 p1´ 1r q´ 12`κ22 `}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q˘, (18)››|D|2σ1upt, ¨q››
Lq
À p1` tq
´ n
2σ1
p1´ 1
r
q´1`
κ2
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (19)
}vpt, ¨q}Lq À p1` tq
´ n
2σ2
p1´ 1
r
q`εpp2,σ1q`
κ2
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (20)››`|D|σ2vpt, ¨q, vtpt, ¨q˘››Lq À p1` tq´ n2σ2 p1´ 1r q´ 12`εpp2,σ1q`κ22 `}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q˘, (21)››|D|2σ2vpt, ¨q››
Lq
À p1` tq
´ n
2σ2
p1´ 1
r
q´1`εpp2,σ1q`
κ2
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (22)
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where εpp2, σ1q :“ 1´
n
2mσ1
pp2 ´ 1q ` p2κ2.
Theorem 1.3 (No loss of decay). Under the analogous assumptions of Theorem 1.1, if condition
(6) is replaced by
mintp1, p2u ą 1`
2mσ2p1` κ1q
n´ 2mσ2κ1
, (23)
then we have the same conclusions of Theorem 1.1. But the estimates (7)-(12) are modified in the
following way:
}upt, ¨q}Lq À p1` tq
´ n
2σ1
p1´ 1
r
q` γ`1
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (24)››`|D|σ1upt, ¨q, utpt, ¨q˘››Lq À p1` tq´ n2σ1 p1´ 1r q` γ2 `}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q˘, (25)››|D|2σ1upt, ¨q››
Lq
À p1` tq
´ n
2σ1
p1´ 1
r
q` γ´1
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (26)
}vpt, ¨q}Lq À p1` tq
´ n
2σ2
p1´ 1
r
q` γ`1
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
, (27)››`|D|σ2vpt, ¨q, vtpt, ¨q˘››Lq À p1` tq´ n2σ2 p1´ 1r q` γ2 `}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q˘, (28)››|D|2σ2vpt, ¨q››
Lq
À p1` tq
´ n
2σ2
p1´ 1
r
q` γ´1
2
`
}pu0, u1q}A1m,q ` }pv0, v1q}A2m,q
˘
. (29)
Theorem 1.4 (No loss of decay). Under the analogous assumptions of Theorem 1.2, if condition
(16) is replaced by
mintp1, p2u ą 1`
2mσ1p1` κ2q
n´ 2mσ1κ2
, (30)
then we have the same conclusions of Theorem 1.2. Moreover, the estimates (24)-(29) hold instead
of (17)-(22).
Remark 1.1. Let us observe the interplay between the parameters σj and pj with j “ 1, 2. In
Theorems 1.1 to 1.4, we can see that the different choice of σ1 and σ2 influences our admissible
exponents p1 and p2. Moreover, if we want to consider the special case of σ1 “ σ2 “ σ then it is
clear that the constants κ1 “ κ2 “ κ. For this reason, the conditions from (3) to (5) are similar
to those from (13) to (15). We also re-write both the assumptions (6) and (16) in the following
common form:
mσ
´1`maxtp1, p2u ` pp1p2 `maxtp1, p2uqκ
p1p2 ´ 1
¯
ă
n
2
,
and
mintp1, p2u ď 1`
2mσp1` κq
n´ 2mσκ
ă maxtp1, p2u.
Finally, in this case we may conclude that all the statements in Theorems 1.3 and 1.4 coincide.
Remark 1.2. Here we want to underline that due to the conditions (6) and (16), both εpp1, σ2q
and εpp2, σ1q in Theorems 1.1 and 1.2 are non-negative.
Remark 1.3. Let us explain our main strategies appearing in Theorems 1.1 to 1.4 such as loss
of decay and no loss of decay. In particular, the first phenomenon means that the decay rates for
the solutions to (1) in Theorems 1.1 and 1.2 are worse than those for solutions to (2). Meanwhile,
the second one shows that in comparison with the corresponding linear models these decay rates
in Theorems 1.3 and 1.4 are exactly the same. It is clear that allowing loss of decay comes into
play to relax the restrictions to the admissible exponents p1 and p2. Indeed, here we can see that
we allow one exponent p1 in (6) or p2 in (16) below the exponent 1`
2mσ2p1`κ1q
n´2mσ2κ1
or 1` 2mσ1p1`κ2q
n´2mσ1κ2
,
respectively. On contrary, in (23) and (30) we need to guarantee both exponents p1 and p2 above
these exponents.
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This article is organized as follows: In Section 2, we collect pLm X Lqq ´ Lq and Lq ´ Lq
estimates for solutions to (2), with q P p1,8q and m P r1, qq, from our previous work [5] and prove a
sharper result as well. We give the proofs of our global (in time) existence results to (1) in Section
3.
2. Preliminaries
In this section, main goal is to derive pLmXLqq´Lq and Lq ´Lq estimates for the solution and
some its derivatives to (2). First, using partial Fourier transformation to (2) we have the following
Cauchy problem:
wˆtt ` |ξ|
2σwˆt ` |ξ|
2σwˆ “ 0, wˆp0, ξq “ wˆ0pξq, wˆtp0, ξq “ wˆ1pξq. (31)
The characteristic roots are
λ1,2 “ λ1,2pξq “
1
2
´
´ |ξ|2σ ˘
a
|ξ|4σ ´ 4|ξ|2σ
¯
.
We write the solutions to (31) in the following form:
wˆpt, ξq “
λ1e
λ2t ´ λ2e
λ1t
λ1 ´ λ2
wˆ0pξq `
eλ1t ´ eλ2t
λ1 ´ λ2
wˆ1pξq “: Kˆ0,σpt, ξqwˆ0pξq ` Kˆ1,σpt, ξqwˆ1pξq, (32)
where we assume λ1 ‰ λ2. Taking account of the cases of small and large frequencies separately,
we get the following asymptotic behavior of the characteristic roots:
1. λ1,2 „ ´|ξ|
2σ ˘ i|ξ|σ, λ1 ´ λ2 „ i|ξ|
σ for small |ξ|, (33)
2. λ1 „ ´1, λ2 „ ´|ξ|
2σ, λ1 ´ λ2 „ |ξ|
2σ for large |ξ|. (34)
We now re-write the solution to (2) which are decomposed into two parts localized separately to
low and high frequencies in the following form:
wpt, xq “ wχpt, xq ` w1´χpt, xq,
where
wχpt, xq “ F
´1
ξÑx
`
χp|ξ|qwˆpt, ξq
˘
and w1´χpt, xq “ F
´1
ξÑx
``
1´ χp|ξ|q
˘
wˆpt, ξq
˘
.
Here χp|ξ|q is a smooth cut-off function equal to 1 for small |ξ| and vanishing for large |ξ|. Recalling
the statements from Proposition 3.9 in [5], we obtained the following result.
Proposition 2.1. Let σ ě 1 in (2), q P p1,8q and m P r1, qq. Then the Sobolev solutions to (2)
satisfy the following pLm X Lqq ´ Lq estimates:››|D|awpt, ¨q››
Lq
À p1` tq
1
2
p2`rn
2
sq 1
r
´ n
2σ
p1´ 1
r
q´ a
2σ }w0}LmXHa,q
` p1` tq1`
1
2
p1`rn
2
sq 1
r
´ n
2σ
p1´ 1
r
q´ a
2σ }w1}LmXHra´2σs`,q ,››|D|awtpt, ¨q››Lq À p1` tq 12 p1`rn2 sq 1r´ n2σ p1´ 1r q´ a2σ }w0}LmXHa,q
` p1` tq
1
2
p2`rn
2
sq 1
r
´ n
2σ
p1´ 1
r
q´ a
2σ }w1}LmXHa,q .
Moreover, the following Lq ´ Lq estimates hold:››|D|awpt, ¨q››
Lq
À p1` tq
1
2
p2`rn
2
sq´ a
2σ }w0}Ha,q ` p1` tq
1` 1
2
p1`rn
2
sq´ a
2σ }w1}Hra´2σs`,q ,››|D|awtpt, ¨q››Lq À p1` tq 12 p1`rn2 sq´ a2σ }w0}Ha,q ` p1` tq 12 p2`rn2 sq´ a2σ }w1}Ha,q .
Here 1` 1
q
“ 1
r
` 1
m
, a is a non-negative number and for all the dimension n ě 1.
Remark 2.1. In Proposition 2.1 we derived estimates for the solution and some its derivatives to
(2) for any space dimensions n ě 1. In addition, we want to underline that under a constraint
condition to space dimensions n ą σ we may prove the following sharper result.
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Proposition 2.2. Let σ ě 1 in (2), q P p1,8q and m P r1, qq. Then the Sobolev solutions to (2)
satisfy the following pLm X Lqq ´ Lq estimates:››|D|awpt, ¨q››
Lq
À p1` tq
1
2
p2`rn
2
sq 1
r
´ n
2σ
p1´ 1
r
q´ a
2σ }w0}LmXHa,q
` p1` tq
1
2
` 1
2
p2`rn
2
sq 1
r
´ n
2σ
p1´ 1
r
q´ a
2σ }w1}LmXHra´2σs`,q ,››|D|awtpt, ¨q››Lq À p1` tq 12 p2`rn2 sq 1r´ n2σ p1´ 1r q´ 12´ a2σ }w0}LmXHa,q
` p1` tq
1
2
p2`rn
2
sq 1
r
´ n
2σ
p1´ 1
r
q´ a
2σ }w1}LmXHa,q .
Moreover, the following Lq ´ Lq estimates hold:››|D|awpt, ¨q››
Lq
À p1` tq
1
2
p2`rn
2
sq´ a
2σ }w0}Ha,q ` p1` tq
1
2
p3`rn
2
sq´ a
2σ }w1}Hra´2σs`,q ,››|D|awtpt, ¨q››Lq À p1` tq 12 p1`rn2 sq´ a2σ }w0}Ha,q ` p1` tq 12 p2`rn2 sq´ a2σ }w1}Ha,q .
Here 1` 1
q
“ 1
r
` 1
m
, a is a non-negative number and for all the dimension n ą σ.
In order to prove Proposition 2.2, we shall show the following auxiliary estimates.
Lemma 2.1. The following estimates hold in Rn for any n ą σ:
››F´1`χp|ξ|q|ξ|aKˆ0,σpt, ξq˘pt, ¨q››Lr À
#
1 if t P p0, 1s,
t
1
2
p2`rn
2
sq 1
r
´ n
2σ
p1´ 1
r
q´ a
2σ if t P r1,8q,
››F´1`χp|ξ|q|ξ|aKˆ1,σpt, ξq˘pt, ¨q››Lr À
#
1 if t P p0, 1s,
t
1
2
` 1
2
p2`rn
2
sq 1
r
´ n
2σ
p1´ 1
r
q´ a
2σ if t P r1,8q,
for all r P r1,8s and any non-negative number a.
Proof. The proof of the first statement is completed from Proposition 3.7 in [5]. For this reason,
we will prove the second one only. Thanks to the asymptotic behavior of the characteristic roots
in (33), we arrive at immediately the following estimate for small frequencies:
ˇˇ
Kˆ1,σpt, ξq
ˇˇ
“
ˇˇ
eλ1t ´ eλ2t
ˇˇ
|λ1 ´ λ2|
À |ξ|´σe´c|ξ|
2σt,
where c is a suitable positive constant. We can see that it holds for small frequenciesż
Rn
|ξ|b1e´c|ξ|
b2tdξ À p1` tq
´
n`b1
b2 ,
for any n ě 1, b1 P R satisfying n` b1 ą 0 and for all positive numbers c, b2 ą 0. Hence, we derive››F´1`χp|ξ|q|ξ|aKˆ1,σpt, ξq˘pt, ¨q››L8 À
ż
Rn
χp|ξ|qe´|ξ|
2σt|ξ|a´σdξ À p1` tq´
n`a´σ
2σ . (35)
From Proposition 3.1 and Remark 3.3 in [5], we get
››F´1`χp|ξ|q|ξ|aKˆ1,σpt, ξq˘pt, ¨q››L1 À
#
t for t P p0, 1s,
t1`
1
2
p1`rn
2
sq´ a
2σ for t P r1,8q.
(36)
By interpolation argument, from (35) and (36) we may conclude the second statement that we
wanted to prove. 
Proof of Proposition 2.2. In order to obtain the pLmXLqq´Lq estimates, we combine the statements
from Lemma 2.1 with those from Corollary 3.4 in [5]. In particular, we can estimate the Lq norm
of the small frequency part of the solutions by the Lm norm of the data, whereas its high-frequency
part is controlled by using the Lq ´Lq estimates. Finally, applying Young’s convolution inequality
we may conclude all the statements from Proposition 2.2. This completes our proof. 
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From the statements in Proposition 2.2, replacing σ “ σj with j “ 1, 2 and recalling abbreviation
γ “ p2` rn
2
sq1
r
we have the following result.
Corollary 2.1. Let σ “ σj ě 1 with j “ 1, 2 in (2). Let q P p1,8q and m P r1, qq. Then the
Sobolev solutions to (2) satisfy the following pLm X Lqq ´ Lq estimates:››|D|awpt, ¨q››
Lq
À p1` tq
γ
2
´ n
2σj
p1´ 1
r
q´ a
2σj }w0}LmXHa,q
` p1` tq
γ`1
2
´ n
2σj
p1´ 1
r
q´ a
2σj }w1}
LmXHra´2σj s
`,q ,››|D|awtpt, ¨q››Lq À p1` tqγ´12 ´ n2σj p1´ 1r q´ a2σj }w0}LmXHa,q
` p1` tq
γ
2
´ n
2σj
p1´ 1
r
q´ a
2σj }w1}LmXHa,q .
Moreover, the following Lq ´ Lq estimates hold:››|D|awpt, ¨q››
Lq
À p1` tq
1
2
p2`rn
2
sq´ a
2σj }w0}Ha,q ` p1` tq
1
2
p3`rn
2
sq´ a
2σj }w1}
H
ra´2σj s
`,q ,››|D|awtpt, ¨q››Lq À p1` tq 12 p1`rn2 sq´ a2σj }w0}Ha,q ` p1` tq 12 p2`rn2 sq´ a2σj }w1}Ha,q .
Here 1` 1
q
“ 1
r
` 1
m
, a is a non-negative number and for all the dimension n ą maxtσ1, σ2u.
Remark 2.2. The pLm XLqq ´Lq and Lq ´Lq estimates for solutions to (2), with q P p1,8q and
m P r1, qq come into play in treatment of the weakly coupled system of corresponding semi-linear
models (1) in next section. It is clear that the decay estimates for solution and some its derivatives
to (2) from Proposition 2.2 are better than those from Proposition 2.1. Hence, it is reasonable to
apply the statements from Corollary 2.1 in the steps of the proofs to our global (in time) existence
results.
3. Proofs of the global (in time) existence results
3.1. Proof of Theorem 1.1. Recalling the fundamental solutionsK0,σ andK1,σ defined in Section
2 we write the solutions of the corresponding linear Cauchy problems with vanishing right-hand
sides to (1) as follows:#
ulnpt, xq “ K0,σ1pt, xq ˚x u0pxq `K1,σ1pt, xq ˚x u1pxq,
vlnpt, xq “ K0,σ2pt, xq ˚x v0pxq `K1,σ2pt, xq ˚x v1pxq.
Using Duhamel’s principle we get the formal implicit representation of the solutions to (1) in the
following form:#
upt, xq “ ulnpt, xq `
şt
0
K1,σ1pt´ τ, xq ˚x |vpt, xq|
p1dτ “: ulnpt, xq ` unlpt, xq,
vpt, xq “ vlnpt, xq `
şt
0
K1,σ2pt´ τ, xq ˚x |upt, xq|
p2dτ “: vlnpt, xq ` vnlpt, xq.
First, we choose the data spaces pu0, u1q P A
1
m,q and pv0, v1q P A
2
m,q. We introduce the family
tXptqutą0 of solution spaces Xptq with the norm
}pu, vq}Xptq :“ sup
0ďτďt
´
f1pτq
´1}upτ, ¨q}Lq ` f1,σ1pτq
´1
››|D|σ1upτ, ¨q››
Lq
` f1,2σ1pτq
´1
››|D|2σ1upτ, ¨q››
Lq
` f2pτq
´1}utpτ, ¨q}Lq
`g1pτq
´1}vpτ, ¨q}Lq ` g1,σ2pτq
´1
››|D|σ2vpτ, ¨q››
Lq
` g1,2σ2pτq
´1
››|D|2σ2vpτ, ¨q››
Lq
` g2pτq
´1}vtpτ, ¨q}Lq
¯
,
8 TUAN ANH DAO
where
f1pτq “ p1` τq
´ n
2σ1
p1´ 1
r
q`εpp1,σ2q`
κ1
2 , f1,2σ1pτq “ p1` τq
´ n
2σ1
p1´ 1
r
q´1`εpp1,σ2q`
κ1
2 , (37)
f1,σ1pτq “ f2pτq “ p1` τq
´ n
2σ1
p1´ 1
r
q´ 1
2
`εpp1,σ2q`
κ1
2 , (38)
g1pτq “ p1` τq
´ n
2σ2
p1´ 1
r
q`
κ1
2 , g1,2σ2pτq “ p1` τq
´ n
2σ2
p1´ 1
r
q´1`
κ1
2 , (39)
g1,σ2pτq “ g2pτq “ p1` τq
´ n
2σ2
p1´ 1
r
q´ 1
2
`
κ1
2 , (40)
For all t ą 0 we define the following operator N : pu, vq P Xptq ÝÑ Npu, vq P Xptq
Npu, vqpt, xq “
`
ulnpt, xq ` unlpt, xq, vlnpt, xq ` vnlpt, xq
˘
.
If we prove the operator N satisfying the following two inequalities:
}Npu, vq}Xptq À }pu0, u1q}A1,s1m,q
` }pv0, v1q}A2,s2m,q
` }pu, vq}p1
Xptq ` }pu, vq}
p2
Xptq, (41)
}Npu, vq ´Npu¯, v¯q}Xptq
À }pu, vq ´ pu¯, v¯q}Xptq
´
}pu, vq}p1´1
Xptq ` }pu¯, v¯q}
p1´1
Xptq ` }pu, vq}
p2´1
Xptq ` }pu¯, v¯q}
p2´1
Xptq
¯
,
(42)
then we may conclude local (in time) existence results of large data solutions and global (in time)
existence results of small data solutions as well by applying Banach’s fixed point theorem.
In the first step, from the definition of the norm in Xptq we plug a “ σ1, σ2, 2σ1, 2σ2 into the
statements from Corollary 2.1 to derive››puln, vlnq››
Xptq
À }pu0, u1q}A1m,q ` }pv0, v1q}A2m,q . (43)
Therefore, in order to prove the proof of (41) it is suitable to indicate the following inequality:››punl, vnlq››
Xptq
À }pu, vq}p1
Xptq ` }pu, vq}
p2
Xptq. (44)
Now let us prove the inequality (44). To estimate for unl and some its derivatives, we use the
pLm X Lqq ´ Lq estimates if τ P r0, t{2s and the Lq ´ Lq estimates if τ P rt{2, ts from Corollary 2.1
to get the following estimates for k “ 0, 1, 2:
››|D|kσ1unlpt, ¨q››
Lq
À
ż t{2
0
p1` t´ τq
γ`1
2
´ n
2σ1
p1´ 1
r
q´ k
2
››|vpτ, ¨q|p1››
LmXLq
dτ
`
ż t
t{2
p1` t´ τq
1
2
p3`rn
2
sq´ k
2
››|vpτ, ¨q|p1››
Lq
dτ.
Hence, it is reasonable to control |vpτ, xq|p1 in Lm X Lq and Lq. We derive››|vpτ, ¨q|p1››
LmXLq
À }vpτ, ¨q}p1Lmp1 ` }vpτ, ¨q}
p1
Lqp1 , and
››|vpτ, ¨q|p1››
Lq
“ }vpτ, ¨q}p1Lqp1 .
Applying the fractional Gagliardo-Nirenberg inequality leads to››|vpτ, ¨q|p1››
LmXLq
À p1` τq
p1
`
´ n
2σ2
p 1
m
´ 1
mp1
q`
κ1
2
˘
}pu, vq}p1
Xpτq,››|vpτ, ¨q|p1››
Lq
À p1` τq
p1
`
´ n
2σ2
p 1
m
´ 1
qp1
q`
κ1
2
˘
}pu, vq}p1
Xpτq.
Here the conditions (3) to (5) are fulfilled for p1. Consequently, we obtain››|D|kσ1unlpt, ¨q››
Lq
À p1` tq
γ`1
2
´ n
2σ1
p1´ 1
r
q´ k
2 }pu, vq}p1
Xptq
ż t{2
0
p1` τq
p1
`
´ n
2σ2
p 1
m
´ 1
mp1
q`
κ1
2
˘
dτ
` p1` tq
p1
`
´ n
2σ2
p 1
m
´ 1
qp1
q`
κ1
2
˘
}pu, vq}p1
Xptq
ż t
t{2
p1` t´ τq
1
2
p3`rn
2
sq´ k
2 dτ,
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where we used p1`t´τq « p1`tq for any τ P r0, t{2s and p1`τq « p1`tq for any τ P rt{2, ts. Since
the condition p1 ď 1`
2mσ2p1`κ1q
n´2mσ2κ1
holds, the term p1` τq
p1
`
´ n
2σ2
p 1
m
´ 1
mp1
q`
κ1
2
˘
is not integrable. As
a result, we get
p1` tq
γ`1
2
´ n
2σ1
p1´ 1
r
q´ k
2
ż t{2
0
p1` τq
p1
`
´ n
2σ2
p 1
m
´ 1
mp1
q`
κ1
2
˘
dτ
À p1` tq
´ n
2σ1
p1´ 1
r
q´ k
2
`εpp1,σ2q`
κ1
2 .
In addition, we also note that 1
2
p3` rn
2
sq ´ k
2
ą 0 for k “ 0, 1, 2. Therefore, we arrive at
p1` tq
p1
`
´ n
2σ2
p 1
m
´ 1
qp1
q`
κ1
2
˘ ż t
t{2
p1` t´ τq
1
2
p3`rn
2
sq´ k
2 dτ
À p1` tq
´ n
2σ1
p1´ 1
r
q´ k
2
`εpp1,σ2q`
κ1
2 ,
since σ1 ě σ2. From both the above estimates, we may conclude the following estimate for k “
0, 1, 2: ››|D|kσ1unlpt, ¨q››
Lq
À p1` tq
´ n
2σ1
p1´ 1
r
q´ k
2
`εpp1,σ2q`
κ1
2 }pu, vq}p1
Xptq.
In the analogous way we also derive
››unlt pt, ¨q››Lq À p1` tq´ n2σ1 p1´ 1r q´ 12`εpp1,σ2q`κ12 }pu, vq}p1Xptq.
Similarly, we obtain the following estimate for k “ 0, 1, 2:
››|D|kσ2vnlpt, ¨q››
L2
À p1` tq
´ n
2σ2
p1´ 1
r
q´ k
2
`
κ1
2 }pu, vq}p2
Xptq,
and ››vnlt pt, ¨q››L2 À p1` tq´ n2σ2 p1´ 1r q´ 12`κ12 }pu, vq}p2Xptq,
where the conditions (3) to (6) are satisfied for p2. From the definition of the norm in Xptq, we
may conclude immediately the inequality (44).
In the second step, let us prove the estimate (42). We obtain for two elements pu, vq and pu¯, v¯q
from Xptq as follows:
Npu, vqpt, xq ´Npu¯, v¯qpt, xq “
`
unlpt, xq ´ u¯nlpt, xq, vnlpt, xq ´ v¯nlpt, xq
˘
.
We use again the pLm X Lqq ´ Lq estimates if τ P r0, t{2s and the Lq ´ Lq estimates if τ P rt{2, ts
from Corollary 2.1 to get the following estimate for k “ 0, 1, 2:
››|D|kσ1`unl ´ u¯nl˘pt, ¨q››
Lq
À
ż t{2
0
p1` t´ τq
γ`1
2
´ n
2σ1
p1´ 1
r
q´ k
2
››|vpτ, ¨q|p1 ´ v¯pτ, ¨q|p1››
LmXLq
dτ
`
ż t
t{2
p1` t´ τq
1
2
p3`rn
2
sq´ k
2
››|vpτ, ¨q|p1 ´ v¯pτ, ¨q|p1››
Lq
dτ,
››`unlt ´ u¯nlt ˘pt, ¨q››Lq À
ż t{2
0
p1` t´ τq
γ
2
´ n
2σ1
p1´ 1
r
q››|vpτ, ¨q|p1 ´ v¯pτ, ¨q|p1››
LmXLq
dτ
`
ż t
t{2
p1` t´ τq
1
2
p2`rn
2
sq
››|vpτ, ¨q|p1 ´ v¯pτ, ¨q|p1››
Lq
dτ,
10 TUAN ANH DAO
and ››|D|kσ2`vnl ´ v¯nl˘pt, ¨q››
Lq
À
ż t{2
0
p1` t´ τq
γ`1
2
´ n
2σ2
p1´ 1
r
q´ k
2
››|upτ, ¨q|p2 ´ u¯pτ, ¨q|p2››
LmXLq
dτ
`
ż t
t{2
p1` t´ τq
1
2
p3`rn
2
sq´ k
2
››|upτ, ¨q|p2 ´ u¯pτ, ¨q|p2››
Lq
dτ,
››`vnlt ´ v¯nlt ˘pt, ¨q››Lq À
ż t{2
0
p1` t´ τq
γ
2
´ n
2σ2
p1´ 1
r
q››|upτ, ¨q|p2 ´ u¯pτ, ¨q|p2››
LmXLq
dτ
`
ż t
t{2
p1` t´ τq
1
2
p2`rn
2
sq
››|upτ, ¨q|p2 ´ u¯pτ, ¨q|p2››
Lq
dτ.
By using Ho¨lder’s inequality we arrive at››|vpτ, ¨q|p1 ´ |v¯pτ, ¨q|p1››
Lq
À }vpτ, ¨q ´ v¯pτ, ¨q}Lqp1
`
}vpτ, ¨q}p1´1Lqp1 ` }v¯pτ, ¨q}
p1´1
Lqp1
˘
,››|vpτ, ¨q|p1 ´ |v¯pτ, ¨q|p1››
Lm
À }vpτ, ¨q ´ v¯pτ, ¨q}Lmp1
`
}vpτ, ¨q}p1´1Lmp1 ` }v¯pτ, ¨q}
p1´1
Lmp1
˘
,››|upτ, ¨q|p2 ´ |u¯pτ, ¨q|p2››
Lq
À }upτ, ¨q ´ u¯pτ, ¨q}Lqp2
`
}upτ, ¨q}p2´1Lqp2 ` }u¯pτ, ¨q}
p2´1
Lqp2
˘
,››|upτ, ¨q|p2 ´ |u¯pτ, ¨q|p2››
Lm
À }upτ, ¨q ´ u¯pτ, ¨q}Lmp2
`
}upτ, ¨q}p2´1Lmp2 ` }u¯pτ, ¨q}
p2´1
Lmp2
˘
.
In the same way as we proved (41), employing the fractional Gagliardo-Nirenberg inequality to the
terms
}vpτ, ¨q ´ v¯pτ, ¨q}Lη1 , }upτ, ¨q ´ u¯pτ, ¨q}Lη2 , }vpτ, ¨q}Lη1 , }v¯pτ, ¨q}Lη1 , }upτ, ¨q}Lη2 , }u¯pτ, ¨q}Lη2
with η1 “ qp1 or η1 “ mp1, and η2 “ qp2 or η2 “ mp2 we may conclude the inequality (42).
Summarizing, the proof of Theorem 1.1 is completed.
3.2. Proof of Theorem 1.2. We follow the approach of Theorem 1.1 with minor modifications in
the steps of our proof. We also introduce both spaces for the data and the solutions as in Theorem
1.1, where the weights (37) to (40) are modified in the following way:
f1pτq “ p1` τq
´ n
2σ1
p1´ 1
r
q`
κ2
2 , f1,2σ1pτq “ p1` τq
´ n
2σ1
p1´ 1
r
q´1`
κ2
2 ,
f1,σ1pτq “ f2pτq “ p1` τq
´ n
2σ1
p1´ 1
r
q´ 1
2
`
κ2
2 ,
g1pτq “ p1` τq
´ n
2σ2
p1´ 1
r
q`εpp2,σ1q`
κ2
2 , g1,2σ2pτq “ p1` τq
´ n
2σ2
p1´ 1
r
q´1`εpp2,σ1q`
κ2
2 ,
g1,σ2pτq “ g2pτq “ p1` τq
´ n
2σ2
p1´ 1
r
q´ 1
2
`εpp2,σ1q`
κ2
2 ,
Then, repeating some steps of the proofs we did in Theorem 1.1 we may complete the proof of
Theorem 1.2.
3.3. Proof of Theorem 1.3. The proof of Theorem 1.3 is similar to the proof of Theorem 1.1.
We also introduce both spaces for the data and the solutions as in Theorem 1.1, where the weights
(37) to (40) are modified in the following way:
f1pτq “ p1` τq
´ n
2σ1
p1´ 1
r
q` γ`1
2 , f1,2σ1pτq “ p1` τq
´ n
2σ1
p1´ 1
r
q` γ´1
2 ,
f1,σ1pτq “ f2pτq “ p1` τq
´ n
2σ1
p1´ 1
r
q` γ
2 ,
g1pτq “ p1` τq
´ n
2σ2
p1´ 1
r
q` γ`1
2 , g1,2σ2pτq “ p1` τq
´ n
2σ2
p1´ 1
r
q` γ´1
2 ,
g1,σ2pτq “ g2pτq “ p1` τq
´ n
2σ2
p1´ 1
r
q` γ
2 ,
Here we notice that due to the condition (23), the terms
p1` τq
p1
`
´ n
2σ2
p 1
m
´ 1
mp1
q`
κ1
2
˘
and p1` τq
p2
`
´ n
2σ2
p 1
m
´ 1
mp2
q`
κ1
2
˘
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are integrable. Then, repeating some of the arguments as we did in the proof of Theorem 1.1 we
may complete the proof of Theorem 1.3.
3.4. Proof of Theorem 1.4. The proof of Theorem 1.4 is similar to the proof of Theorem 1.1.
We also introduce both spaces for the data and the solutions as in Theorem 1.1, where the weights
are the same as those in Theorem 1.3. Here we notice that due to the condition (30), the terms
p1` τq
p1
`
´ n
2σ1
p 1
m
´ 1
mp1
q`
κ2
2
˘
and p1` τq
p2
`
´ n
2σ1
p 1
m
´ 1
mp2
q`
κ2
2
˘
are integrable. Then, repeating some of the arguments as we did in the proof of Theorem 1.1 we
may complete the proof of Theorem 1.4.
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